In this note we examine some determinants where appear binomial coefficients. We use the Vandermonde's determinant and properties of the determinants.
Main Results
We consider that the reader is familiarized with the Vandermonde's determinant and properties of the determinants (see for example [1] ).
Let us consider the sequence of polynomials in a, where a is a real number.
P 1 (a) = a, P 2 (a) = (a − 1)a = a 2 − a, P 3 (a) = (a − 2)(a − 1)a = a 3 − 3a 2 + 2a, and so on. Now, let us consider the sequence of determinants
and so on. The determinants will be denoted D n (a) (n = 2, 3, 4, . . .). We shall prove that D n (a) = n−1 k=1 k! = 1!2! · · · (n − 1)! (n = 2, 3, 4, . . .) for all real a. That is, the determinant does not depend of the real number a. For example D 4 (a) = 1!2!3!. The proof is very simple using the Vandermonde's determinant and well-known properties of the determinants. For sake of simplicity, we give the proof in the case n = 4, the general case work in the same way. We have
since, the last determinant is a Vandermonde's determinant. In the general case we obtain
as we desired.
We recall the deffinition of binomial coefficient, namely
Now, let us consider the sequence of determinants
and so on. We shall prove that
where (s = 2, 3, 4, . . .).
For sake of simplicity we prove (5) in the case s = 3. The proof in the general case is the same. We use (3), (4) and well-known properties of the determinants. We have
Now, let us consider the sequence more general of determinants
and so on, where α is a real number. Note that if α = 1 then D n,1 (a) = D n (a). We have
The proof is the same given in (1) using the Vandermonde's determinant and properties of the determinants. If we put, for example, α = 2 then we can consider another sequence of determinants with binomial coefficients. Namely and so on.
We have F s+1 (n, k) = n!(n − 1)! · · · (n − s)! (n − k)!(n − k − 2)! · · · (n − k − 2s)!
